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1. Introduction 

 

The need to model the variance of a financial portfolio accurately has become especially 

important following the 1995 amendment to the Basel Accord, whereby banks were 

permitted to use internal models to calculate their Value-at-Risk (VaR) thresholds (see 

Jorion (2000) for a detailed discussion of VaR). This amendment was in response to 

widespread criticism that the ‘Standardized’ approach, which banks used to calculate 

their VaR thresholds, led to excessively conservative forecasts. Excessive conservatism 

has a negative impact on the profitability of banks as higher capital charges are 

subsequently required.  

 

Although the amendment to the Basel Accord was designed to reward institutions with 

superior risk management systems, a backtesting procedure, whereby the realized returns 

are compared with the VaR forecasts, was introduced to asses the quality of the internal 

models. In cases where the internal models lead to a greater number of violations than 

could reasonably be expected, given the confidence level, the bank is required to hold a 

higher level of capital (see Table 7 for the penalties imposed under the Basel Accord). If 

a bank’s VaR forecasts are violated more than 9 times in any financial year, the bank may 

be required to adopt the ‘Standardized’ approach. The imposition of such a penalty is 

severe as it affects the profitability of the bank directly through higher capital charges, 

has a damaging effect on the bank’s reputation, and may lead to the imposition of a more 

stringent external model to forecast the bank’s VaR thresholds. 

 

One of the main ingredients required to produce the VaR threshold of a portfolio is the 

conditional variance of the portfolio returns. Conditional volatility models can be used to 

estimate the conditional variance of the portfolio returns either by: (1) fitting a univariate 

volatility model to the portfolio returns (hereafter called the single index model); or (2) 

using a multivariate volatility model to forecast the conditional variance of each asset in 

the portfolio, as well as the conditional correlations between all asset pairs, in order to 

calculate the forecasted portfolio variance (hereafter called the portfolio model). The 

portfolio model has both intuitive and empirical appeal as it enables the modelling of the 
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relationship between subsets of the portfolio, and also allows for scenario and sensitivity 

analysis. 

 

Bollerslev (1990) proposed a Constant Conditional Correlation (CCC) multivariate 

GARCH model which models the conditional variances and correlations using a simple 

2-step procedure. In this approach, a univariate GARCH model is fitted to each returns 

series in the first step, and the conditional correlation matrix is calculated using the 

standardized residuals in the second step. The CCC approach can be extended by using 

more general univariate conditional volatility models in the first step. By way of 

comparison, Asai, McAleer and Yu (2006) and Asai and McAleer (2006) provide a 

comprehensive discussion of the computational difficulties in modelling a variety of 

multivariate stochastic volatility models. 

 

In this paper we compare the performance of the single index and portfolio models in 

forecasting VaR thresholds for a portfolio containing the S&P500 (USA), FTSE100 

(UK), CAC40 (France) and SMI (Switzerland) indexes. Six different criteria are used to 

compare the forecasting performance of the various conditional volatility models and 

methods considered, namely: (1) the linear regression approach of Pagan and Schwert 

(1990); (2) the unconditional coverage test; (3) the serial independence of violations test; 

(4) the conditional coverage test; (5) the size of the average capital charge: and (6) the 

magnitude of the average violations which would arise from using each model to forecast 

the VaR threshold. The tests given in (2)-(4) above are likelihood ratio tests, as derived in 

Christoffersen (1998). 
 

 

The plan of the paper is as follows. Section 2 discusses various calibrated and estimated 

univariate and multivariate conditional volatility models that will be used to forecast the 

volatility and VaR thresholds of a portfolio (see McAleer (2005) for a comparison of 

alternative univariate and multivariate, conditional and stochastic, financial volatility 

models that are available in the literature). The data are discussed in Section 3, the 

forecasting performance of the alternative models is analysed and compared in Section 4, 

and some concluding remarks are given in Section 5. 
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2.  Model Specifications 

 

This section describes alternative models that can be used to estimate the conditional 

variance of a portfolio directly by modelling the historical portfolio returns (namely, the 

single index model), or indirectly by modelling the conditional variance of each asset and 

the conditional correlation of each pair of assets (namely, the portfolio model). Financial 

returns are typically modelled as a stationary AR(1) process, although this can easily be 

relaxed.  

 

In what follows, the final two models to be discussed, namely PS-GARCH and VARMA-

GARCH, are valid only for the multivariate approach. The models are presented in 

increasing order of complexity.  

 

2.1 Standardized Normal (SN) 

 

The Standardized Normal (SN) approach forecasts the conditional variance at time t as 

the historical variance over a specified time interval. This approach is extremely simple 

and easy to implement computationally. In this paper, the historical variance is calculated 

using a rolling window for the previous 250 business days.  

 

2.1 EWMA 

 

RiskmetricsTM (1996) developed a model which estimates the conditional variances and 

covariances based on the exponentially weighted moving average (EWMA) method, 

which is, in effect, a restricted version of the ARCH(∞ ) model of Engle (1982). This 

approach forecasts the conditional variance at time t as a linear combination of the lagged 

conditional variance and the squared unconditional shock at time 1t − . The EWMA 

model calibrates the conditional variance as: 

 

 2

1 1(1 )t t th hλ λ ε− −= + −  (1) 
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where λ  is a decay parameter. Riskmetrics
TM 

(1996) suggests that λ  should be set at 

0.94 for purposes of analysing daily data. 

 

2.3 ARCH 

 

Engle (1982) proposed the Autoregressive Conditional Heteroskedasticity of order p , or 

ARCH( p ), model as follows: 

 

 2

1

p

t j t j

j

h ω α ε −

=

= +∑ . (2) 

 

For the case 1p = , 10, 0ω α> >  are sufficient conditions to ensure a strictly positive 

conditional variance, 0th > . The ARCH (or 1α ) effect captures the short run persistence 

of shocks. 

 

2.4 GARCH 

 

Bollerslev (1986) generalized ARCH( p ) to the GARCH( ,p q ) model, which is given by: 

 

 2

1 1

p q

t j t j t i

j i

h hω α ε β− −

= =

= + +∑ ∑ . (3) 

 

For the case 1p = , 1 10, 0, 0ω α β> > ≥  are sufficient conditions to ensure a strictly 

positive conditional variance, 0th > . The ARCH (or 
1α ) effect captures the short run 

persistence of shocks, and the GARCH (or 1β ) effect indicates the contribution of shocks 

to long run persistence (
1 1α β+ ).  

 

In ARCH and GARCH models, the parameters are typically estimated using the 

maximum likelihood estimation (MLE) method. In the absence of normality of the 
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standardized residuals, tη , the parameters are estimated by the Quasi-Maximum 

Likelihood Estimation (QMLE) method (see, for example, Li, Ling and McAleer (2002)). 

 

2.5       GJR 

 

Glosten, Jagannathan and Runkle (1992) extended the GARCH model to capture possible 

asymmetries between the effects of positive and negative shocks of the same magnitude 

on the conditional variance through changes in the debt-equity ratio. The GJR( ,p q ) 

model is given by: 

 

 2 2

1 1

1 1

( )
p q

t j t j t t i t i

j i

h I hω α ε γ η ε β− − − −

= =

= + + +∑ ∑  (4) 

 

where the indicator variable, ( )tI η , is defined as:  

 

 {1, 0

0, 0( ) t

ttI
ε
εη ≤

>= . (5) 

 

For the case 1p = , 
1 1 1 10, 0, 0, 0ω α α γ β> > + > ≥  are sufficient conditions to ensure a 

strictly positive conditional variance, 0th > . The indicator variable distinguishes between 

positive and negative shocks, where the asymmetric effect (
1 0γ > ) measures the 

contribution of shocks to both short run persistence ( 1 1 / 2α γ+ ) and long run persistence 

(
1 1 1 / 2α β γ+ + ). 

 

Several important theoretical results are relevant for the GARCH model. Ling and 

McAleer (2002a) established the necessary and sufficient conditions for strict stationarity 

and ergodicity, as well as for the existence of all moments, for the univariate 

GARCH( ,p q ) model, and Ling and McAleer (2003) demonstrated that the QMLE for 

GARCH( ,p q ) is consistent if the second moment is finite, ∞<)( 2

tE ε , and 
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asymptotically normal if the fourth moment is finite, ∞<)( 4

tE ε . The necessary and 

sufficient condition for the existence of the second moment of tε  for the GARCH(1,1) 

model is 1 1 1α β+ < .   

  

Another important result is that the log-moment condition for the QMLE of 

GARCH(1,1), which is a weak sufficient condition for the QMLE to be consistent and 

asymptotically normal, is given by 2

1 1(log( )) 0tE αη β+ < . The log-moment condition was 

derived in Elie and Jeantheau (1995) and Jeantheau (1998) for consistency, and in 

Boussama (2000) for asymptotic normality. In practice, it is more straightforward to 

verify the second moment condition than the weaker log-moment condition, as the latter 

is a function of unknown parameters and the mean of the logarithmic transformation of a 

random variable.  

 

The GJR model has also had some important theoretical developments. In the case of 

symmetry of η t , the regularity condition for the existence of the second moment of 

GJR(1,1) is 
1 1 1 / 2 1α β γ+ + <  (see Ling and McAleer (2002b)). Moreover, the weak log-

moment condition for GJR(1,1), 2

1 1 1(log[( ( )) ]) 0t tE Iα γ η η β+ + < , is sufficient for the 

consistency and asymptotic normality of the QMLE (see McAleer, Chan and Marinova 

(2002)).  

 

2.6 EGARCH 

 

Nelson (1991) proposed the Exponential GARCH (EGARCH) model, which is given as: 

 

 
1 1 1

log( ) log( )
p qr

t i t k
t i k j t j

i k jt i t k

h h
h h

ε ε
ω α γ β− −

−
= = =− −

= + + +∑ ∑ ∑ . (6) 

 

As the range of log( )th  is the real number line, the EGARCH model does not require any 

parametric restrictions to ensure that the conditional variances are positive. Furthermore, 
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the EGARCH specification is able to capture several stylised facts, such as small positive 

shocks having a greater impact on conditional volatility than small negative shocks, and 

large negative shocks having a greater impact on conditional volatility than large positive 

shocks. Such features in financial returns and risk are often cited in the literature to 

support the use of EGARCH to model the conditional variances.  

 

Unlike the EWMA, ARCH, GARCH and GJR models, EGARCH uses the standardized 

rather than the unconditional shocks. Moreover, as the standardized shocks have finite 

moments, the moment conditions of EGARCH are straightforward and may be used as 

diagnostic checks of the underlying models. However, the statistical properties of 

EGARCH have not yet been developed formally. If the standardized shocks are 

independently and identically distributed, the statistical properties of EGARCH are likely 

to be natural extensions of (possibly vector) ARMA time series processes (for further 

details, see McAleer (2005)). 

 

2.6        PGARCH 

 

Ding, Granger and Engle (1993) generalized the standard deviation GARCH models of 

Taylor (1986) and Schwert (1989), and proposed an asymmetric Power GARCH 

(PGARCH) model. The PGARCH model is given by: 

 

 
1 1

( )
p q

t i t i i t i j t j

i j

δ δ δσ ω α ε γ ε β σ− − −

= =

= + − +∑ ∑ , (7) 

 

in which the power parameter, δ , can be estimated rather than imposed, and γ  is 

included to capture the effects of asymmetric shocks. Ling and McAleer (2002a) derived 

the necessary and sufficient conditions for the moments to exist for PGARCH. However, 

unlike the case of the EGARCH model, which also uses the absolute value function but 

standardized rather than unconditional shocks, the PGARCH model uses unconditional 

rather than standardized shocks. As the distribution of the absolute value of the 
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unconditional shocks is presently unknown, the statistical properties of the PGARCH 

model have yet to be developed. 

 

2.7 PS-GARCH 

 

This section describes the parsimonious portfolio spillover GARCH (PS-GARCH) model 

of McAleer and da Veiga (2006), which is intended to capture portfolio spillover effects. 

Let  

  

 1( | )t t t tY E Y F ε−= +  (8) 

 

be a vector of returns on m financial assets, where 
1tF −
 is the past information available to 

time t-1, and the conditional mean of the returns follows a VARMA process:  

  

 ( )( ) ( )t tL Y Lµ εΦ − = Ψ . (9) 

 

The return on the portfolio consisting of the m assets is denoted as:  

  

 
, , , 1 ,

1

( | )
m

p t i t i t t p t

i

Y E x y F ε−

=

= +∑  (10) 

  

where 
,i ty  denotes the return on asset i at time t and 

itx  denotes the portfolio weight of 

asset i at time t, such that: 

 

 
1

1
m

it

i

x t
=

= ∀∑ . (11) 

 

The PS-GARCH model assumes that the returns on the portfolio follow a VARMA 

process, as follows:  
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, ,( )( ) ( )p t p p tL Y Lµ εΦ − = Ψ  (12) 

  

 t t tDε η=  (13) 

  

 1/ 2

pt pt pthε η=  (14) 

  

 2

, ,

1 1

r s

pt p pl p t l pl p t l

l l

h hω α ε β− −

= =

= + +∑ ∑  (16) 

 

 
, ,

1 1 1 1 1

ˆˆ( )
r r s s s

t l t l l t l t l l t l l p t l l p t l

l l l l l

H W A C I B H G K hε η ε ε− − − − − −

= = = = =

′ ′= + + + + +∑ ∑ ∑ ∑ ∑  (16) 

  

where )',...,( 1 mttt hhH = , )',...,( 1 mW ωω= , )( 2/1

itt hdiagD = , 
1( ,..., )t t mtη η η′ = , 2 2

1( ,..., )t t mtε ε ε′ = , 

and 2

,
ˆ
p t lε −  and ,

ˆ
p t lh −  are the fitted values from and (12) and (15), respectively. The 

matrices , ,l l lA B C , lG  and lK  are diagonal, with typical elements 
iiα , iiβ , iiγ , iiλ  and 

iiδ , respectively, for 1,...,i m= , ))(()( itt IdiagI ηη =  is an mm×  diagonal matrix, 

p

pm LLIL Φ−−Φ−=Φ ...)( 1
 and q

qm LLIL Ψ−−Ψ−=Ψ ...)( 1
 are polynomials in L, the lag 

operator, 
1t

F −
 is the past information available to time 1t − , 

mI  is the mm×   identity 

matrix, and )( itI η  is an indicator function, given as: 

 

 {,

,

,

1, 0

0, 0( )
i t

i t

i t
I

ε

εη
≤

>= . (17) 

 

The indicator function distinguishes between the effects of positive and negative shocks 

of equal magnitude on conditional volatility.  

 

Using (13), the conditional covariance matrix for the PS-GARCH model is given by 

ttt DDQ Γ= , in which it is assumed that the conditional correlations of the unconditional 
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shocks are given by Γ=′)( ttE ηη . The matrix Γ  is the constant conditional correlation 

matrix of the unconditional shocks which is, by definition, equivalent to the constant 

conditional correlation matrix of the conditional shocks.  

 

2.8 VARMA-GARCH 

 

The VARMA-GARCH model of Ling and McAleer (2003), which assumes symmetry in 

the effects of positive and negative shocks on multivariate conditional volatility, is given 

as follows: 

 

 
1( | )t t t tY E Y F ε−= +  (8) 

 

 ( )( ) ( )t tL Y Lµ εΦ − = Ψ  (19) 

 

 t t tDε η=  (20) 

 

 
1 1

r s

t lt l l t l

l l

H W A B Hε
→

− −

= =

= + +∑ ∑  (21) 

 

where 1( ,..., ) 't t mtH h h= , )',...,( 1 mW ωω= , 1/ 2
( )t itD diag h= , 1( ,..., ) 't t mtη η η= , 

2 2

1( ,..., )t t mtε ε ε
→

= , lA  and lB  are mm×  matrices with typical elements ijα  and ijβ , 

respectively, for mji ,...,1, = , ))(()( itt IdiagI ηη =  is an mm×  matrix, 

p

pm LLIL Φ−−Φ−=Φ ...)( 1  and q

qm LLIL Ψ−−Ψ−=Ψ ...)( 1  are polynomials in L, the 

lag operator, and tF  is the past information available to time t. Spillover effects are given 

in the conditional volatility for each asset in the portfolio. Based on (20), the VARMA-

GARCH model also assumes that the conditional correlation matrix of the unconditional 

shocks is given by Γ=′)( ttE ηη .  
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An extension of the VARMA-GARCH model is the VARMA-AGARCH model of Hoti, 

Chan and McAleer (2002), which captures the asymmetric spillover effects from each of 

the other assets in the portfolio. The VARMA-AGARCH model is also a multivariate 

extension of the GJR model.  

  

3.  Data 

 

The data used in the empirical application are daily prices measured at 16:00 Greenwich 

Mean Time (GMT) for four international stock market indexes (henceforth referred to as 

synchronous data), namely S&P500 (USA), FTSE100 (UK), CAC40 (France), and SMI 

(Switzerland). All prices are expressed in US dollars. The data were obtained from 

DataStream for the period 3 August 1990 to 5 November 2004. At the time the data were 

collected, this period was the longest for which data on all four variables were available.  

 

The rationale for employing daily synchronous data in modelling stock returns and 

volatility transmission is four-fold (see McAleer and da Veiga (2006)): 

 

(i) The Efficient Markets Hypothesis would suggest that information is quickly and 

efficiently incorporated into stock prices. While information generated yesterday may be 

significant in explaining stock price changes today, it is less likely that news generated 

last month would have any explanatory power today. 

 

(ii) It has been argued by Engle, Ito and Lin (1990) that volatility is caused by the arrival 

of unexpected news and that volatility clustering is the result of investors reacting 

differently to news. The use of daily data may help in modelling the interaction between 

the heterogeneity of investor responses in different markets. 

 

(iii) Studies that use close-to-close non-synchronous returns suffer from the non-

synchronicity problem, as highlighted in Scholes and Williams (1977). In particular, 

these studies cannot distinguish a spillover from a contemporaneous correlation when 

markets with common trading hours are analysed. Kahya (1997) and Burns, Engle and 
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Mezrich (1998) also observe that, if cross market correlations are positive, the use of 

close-to-close returns for non-synchronous markets will underestimate the true 

correlations, and hence underestimate the true risk associated with a portfolio of such 

assets. 

 

(iv) The use of synchronous data allows the system to be written in a simultaneous 

equations form, which can be estimated jointly. Such joint estimation of the parameters 

eliminates potential econometric problems associated with generated regressors (see, for 

example, Pagan(1984) and Oxley and McAleer (1993, 1994)), improves efficiency in 

estimation, increases the power of the test for cross-market spillovers, and analyses 

market interactions simultaneously. This allows all the relationships to be tested jointly. 

Joint estimation is also consistent with the notion that spillovers are the impact of global 

news on each market. 

 

The synchronous returns for each market  i  at time  t )( ,tiR  are defined as: 

 

, , 1log( / )it i t i tR P P −= , 

 

where tiP ,  is the price in market i  at time t, as recorded at 16:00 GMT.  

 

The plots of the synchronous returns are given in Figures 1a-d. Each of the returns series 

exhibits clustering, which will be captured by an appropriate time series model. The 

descriptive statistics for the synchronous returns of the four indexes are given in Table 1. 

All series have similar means and medians, which are close to zero, minima which vary 

between -10.251 and -5.533, and maxima that range between 5.771 and 10.356. Although 

the four standard deviations vary slightly, the coefficients of variation (CoV) are quite 

different, ranging from 30.97 for S&P500 to 67.30 for CAC40. The skewness differs 

among all four series, but the kurtosis is reasonably similar for all series. The Jarque-Bera 

test strongly rejects the null hypothesis of normally distributed returns, which may be due 

to the presence of extreme observations. As each of the series displays a high degree of 

kurtosis, this would seem to indicate the existence of extreme observations. 
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[Insert Figures 1a-d here] 

 [Insert Table 1 here] 

 

Several definitions of volatility are available in the literature. This paper adopts the 

measure of volatility proposed in Franses and van Dijk (1999), where the true volatility 

of returns is defined as: 

 

2

, , , 1( ( | ))i t i t i t tV R E R F −= −  

 

where 1−tF  is the information set at time t-1. 

 

The plots of the volatilities of the synchronous returns are given in Figures 2a-d. Each of 

the series exhibits clustering, which needs to be captured by an appropriate time series 

model. The volatility of all series appears to be high during the early 1990’s, followed by 

a quiet period from the end of 1992 to the beginning of 1997. Finally, the volatility of all 

series appears to increase dramatically around 1997, due in large part to the Asian 

economic and financial crises. This increase in volatility persists until the end of the 

period, and is likely to have been affected by the September 11, 2001 terrorist attacks and 

the conflicts in Afghanistan and Iraq.  

 

[Insert Figures 2a-d here] 

 

The descriptive statistics for the volatility of the synchronous returns of the four indexes 

are given in Table 2. The CAC40 displays the highest mean (median) volatility at 2.029 

(0.665), while FTSE100 has the lowest mean (median) volatility at 1.357 (0.425). The 

maxima of the four volatility series differ substantially, with SMI displaying the highest 

maxima and S&P500 displaying the lowest. Although the four standard deviations vary, 

the coefficients of variation (CoV) are similar. All series are highly skewed. As each of 

the series displays a high degree of kurtosis, this would seem to indicate the existence of 

extreme observations. 
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[Insert Table 2 here] 

 

4. Forecasts 

 

In this section the forecasting performance of the various models described in the 

previous section is compared. For purposes of the empirical analysis, it is assumed that 

the portfolio weights are equal and constant over time, but these assumptions can be 

relaxed. Exchange rate risk is controlled by converting all prices to a common currency, 

namely the US Dollar. The models described in Section 2 are used to estimate the 

variance of the portfolio directly for the single index model, and to estimate the 

conditional variances and correlations of all assets and asset pairs to calculate the 

variance of the portfolio for the portfolio model. Apart from the Standardized Normal and 

Riskmetrics
TM

 models, all the conditional volatility models are estimated under the 

following distributional assumptions of the unconditional shocks: (1) normal; and (2) t, 

with ten degrees of freedom. 

 

A rolling window is used to forecast the 1-day ahead conditional correlations, conditional 

variances and VaR thresholds. The sample ranges from 3 August 1990 to 5 November 

2004. In order to strike a balance between efficiency in estimation and a viable number of 

rolling regressions, the rolling window size is set at 2000 for all four data sets, which 

leads to a forecasting period from 6 April 1998 to 5 November 2004. Six different 

approaches are used to evaluate the portfolio variance and forecasts of the VaR 

thresholds, as described below. 

 

4.1 Linear Regression Approach 

 

Pagan and Schwert (1990) proposed a procedure whereby the volatility forecasts are 

regressed on the realized volatility. In this paper, the squared portfolio returns are used as 

a proxy for the realized volatility. The auxiliary regression equation is given by:  
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t t tRV FVα β ε= + +  

 

where tRV  is the realized volatility and tFV  is the forecasted volatility. 

 

In this auxiliary equation, the intercept, α , should be equal to zero and the slope, β , 

should be equal to 1. The coefficient of determination, 2R , is a measure of forecasting 

performance, and the t-ratio of the coefficients is a measure of the bias. Tables 3-4 give 

the estimates and test statistics for the single index and portfolio models. On the basis of 

the 2R  criterion, the portfolio PGARCH-t model performs the best, with 2R  = 0.201. 

The worst performing models are the single index and portfolio Standardized Normal 

models, both of which have 2R  = 0.014. It is interesting to note that models estimated 

using a t-distribution tend to display marginally superior forecasts, the only exception 

being the portfolio CCC model. In all cases, the portfolio models outperform the single 

index models based on 2R , which suggests that the portfolio model approach leads to 

superior forecasts of the conditional variance of the portfolio compared with their single 

index counterparts. 

 

[Insert Tables 3-4 here] 

 

4.2 Tests of Unconditional Coverage, Serial Independence and Conditional 

Coverage 

 

Christoffersen (1998) derived likelihood ratio (LR) tests of unconditional coverage, serial 

independence and conditional coverage. Subsequently, Lopez (1998) adapted these tests 

to evaluate VaR threshold forecasts. An adequate VaR model should exhibit the property 

that the unconditional coverage (which is calculated as the number of observed violations 

divided by T ) should equal α , where α  is the level of significance chosen for the VaR, 

and T  is the number of trading days in the evaluation period. The probability of 

observing x  violations in a sample of size T , under the null hypothesis, is given by: 
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250 x T-x

xPr(x) = C (0.01) (0.99)  

 

Therefore, the LR statistic for testing whether the number of observed violations, divided 

by T , is equal to α  is: 

 

2[log( (1 ) ) log((0.01 )(0.99 ))]x N x x N x

UCLR α α − −= − −  

 

where /x Nα = ,  x  is the number of violations, and N  is the number of forecasts. The 

LR statistic is asymptotically distributed as 2 (1)χ  under the null hypothesis. 

 

However, a model that leads to the correct unconditional coverage may still be sub-

optimal if the violations are serially dependant, as they may lead to bank failures. The test 

of independence is the LR statistic for the null hypothesis of serial independence against 

the alternative of first-order Markov dependence.  

 

Finally, Christoffersen (1998) proposed the conditional coverage test, which is a joint test 

of unconditional coverage and independence. The conditional coverage LR statistic is 

given as the sum of the unconditional coverage LR statistic and the independence LR 

statistic, which is asymptotically distributed as 2 (2)χ  under the joint null hypothesis. 

 

Tables 5-6 present the results of the LR tests of unconditional coverage, serial 

independence and conditional coverage. With the exception of Riskmetrics
TM

 and 

EGARCH, all the single index models which assume normality fail the unconditional 

coverage test, in that they lead to a significantly greater number of violations than 

expected. The single index models estimated under the assumption that the returns follow 

a t-distribution perform far better, with the ARCH model being the only model to fail the 

unconditional coverage test due to an excessive number of violations. The portfolio 

models perform quite poorly, with ten of the sixteen models considered failing the 

unconditional coverage test. It is worth noting that the portfolio models fail the 

unconditional coverage test because they lead to an insufficient number of violations.  
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Five single index models fail the serial independence test, four of which assume that the 

returns follow a t-distribution. However, only two of the portfolio models fail the serial 

independence test, both of which assume normality. 

 

Finally, eight of the twelve single index models fail the conditional coverage test. Of the 

portfolio models considered, eight of the sixteen fail the conditional coverage test. It is 

interesting to note that rejection of the null hypothesis in each case was more likely under 

a t-distribution than under normality. 

 

[Insert Tables 5-6 here] 

 

Overall, the empirical results presented in this section offer some mixed evidence on the 

relative performance of the VaR threshold forecasts produced by the single index and 

portfolio models. Based on the unconditional coverage test, it seems that the single index 

model leads to an excessive number of violations, while the portfolio model has too few 

violations. Furthermore, the serial independence test favours the portfolio model. From a 

regulatory viewpoint, the portfolio model may be preferred as it is likely to lead to fewer 

bank failures, while banks are likely to favour the model which leads to the lowest costs. 

The next section attempts to quantify the costs to both banks and regulators that are 

associated with the use of each type of model. 

 

4.3 Daily Capital Charge and Magnitude of Violations 

 

The Basel Accord stipulates that the daily capital charge must be set at the higher of the 

previous day’s VaR or the average VaR over the last 60 business days, multiplied by a 

factor k. The multiplicative factor k is set by the local regulators, but must not be lower 

than 3. In 1995, the 1988 Basel Accord was amended to allow banks to use internal 

models to determine their VaR thresholds. However, banks wishing to use internal 

models must demonstrate that their models are sound. The backtesting procedure is used 
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to test the adequacy of the models by comparing the realised and forecasted losses (for 

further details, see Basel Committee (1988, 1995, 1996)). Furthermore, the Basel Accord 

imposes penalties in the form of a higher multiplicative factor k on banks which use 

models that lead to a greater number of violations than would reasonably be expected 

given the specified confidence level of 1%. Table 7 shows the penalties imposed for a 

given number of violations for 250 business days.  

 

[Insert Table 7 here] 

 

Tables 8-9 give the mean daily capital charges for each model. The worst performing 

models are the portfolio and single index Standardized Normal models, which would lead 

to average daily capital charges of 12.92% and 12.33% respectively. The best performing 

models are the single index EGARCH and PGARCH models, which would lead to 

average daily capital charges of 7.97% and 8.04%, respectively.  

 

With the exception of the Riskmetrics
TM

 model, all single index models lead to lower 

daily capital charges than the corresponding portfolio models. Furthermore, all the single 

index models which are estimated assuming a t-distribution lead to higher capital charges 

than the equivalent models estimated under a normal distribution These results suggest 

that the penalties imposed under the Basel Accord may not be sufficiently severe, as 

virtually all of the normally distributed single index models are found to lead to a greater 

number of violations than would be expected on the basis of the unconditional coverage 

test. Thus, it would seem that the Basel Accord tends to favour models which lead to an 

excessive number of violations. 

 

However, such an inference may be overly simplistic because, in certain cases where the 

number of violations is deemed to be excessively large, regulators may penalize banks 

even further by requiring that their internal models be reviewed. In circumstances where 

the internal models are found to be inadequate, the offending banks may be required to 

adopt the standardized method originally proposed in 1993 under the Basel Accord. The 

standardized method suffers from several drawbacks, the most noticeable of which is its 
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systematic overestimation of risk, which stems from the assumption of perfect correlation 

across different risk factors. This penalty would lead to higher capital charges, which 

would have a negative impact on both the profitability and reputation of the affected 

banks. 

 

The central idea underlying capital reserve requirements is to minimize the possibility of 

bank failures, so that banks are required to hold sufficient capital to cover at least three 

times the forecasted worst potential loss. The magnitude of the average violation is, 

therefore, an important consideration, because models that perform well according to all 

the relevant criteria may still be inadequate if they lead to an excessively large number of 

violations.  

 

Tables 8-9 give the maximum and average absolute deviations of violations from the 

VaR forecasts. The worst performing models are the single index and portfolio 

Standardized Normal models, respectively, as they lead to both the largest maximum 

absolute deviations at 3.506 and 3.509, respectively, and the highest average absolute 

deviations at 0.631 and 0.617, respectively. The best performing models on the basis of 

the maximum absolute deviations are the portfolio PGARCH-t and EGARCH-t models, 

which lead to the lowest maximum absolute deviations at 0.623 and 0.727, respectively, 

while the best performing models on the basis of the average absolute deviations are the 

single index EGARCH and PGARCH models, which lead to the lowest average absolute 

deviations at 0.298 and 0.362, respectively.  

 

Although these results might seem to offer support for the use of these two single index 

models, it is important to note that the single index EGARCH and PGARCH models lead 

to 30 and 31 violations, respectively, which is large even in comparison with their t-

distribution counterparts. Overall, the numbers of violations are considerably greater for 

the single index models than for their portfolio counterparts. 

 

[Insert Tables 8-9 here] 
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5. Conclusion 

 

The variance of a portfolio can be forecasted using a single index model, or from the 

forecasted variances and covariances of all the assets in the portfolio. Using alternative 

univariate and multivariate conditional volatility models, including the simple 

Standardized Normal (SN) model, the exponentially weighted moving average (EWMA) 

model proposed by Riskmetrics
TM

 (1996), and alternative univariate and multivariate, 

symmetric and asymmetric, conditional volatility models, this paper evaluated the 

performance of the single index and portfolio models in forecasting the Value-at-Risk 

(VaR) thresholds.  

 

In the empirical example, the portfolio comprised four international stock market 

indexes, namely the S&P500, FTSE100, CAC40 and SMI financial indexes, for the 

period 3 August 1990 to 5 November 2004. On the basis of the empirical results, the 

portfolio approach was found to yield superior portfolio volatility forecasts based on the 

linear regression approach of Pagan and Schwert (1990). The likelihood ratio tests of 

unconditional coverage, independence and conditional coverage of the VaR forecasts, as 

proposed in Christoffersen (1998), offered mixed evidence, with a large proportion of the 

single index  and portfolio models failing the unconditional coverage test, the former due 

to an excessive number of violations and the latter due to an insufficient number of 

violations.  

 

Furthermore, it was found that the single index models led to lower daily capital charges 

based on the Basel Capital Accord penalties, as compared with their portfolio 

counterparts. Finally, within the class of single index models, the models which display 

correct conditional coverage led to higher capital charges than models which led to 

excessive violations. These results seemed to suggest that the penalties imposed under the 

Basel Capital Accord may be too lenient, and tended to favour models that had an 

excessive number of violations, as well as models that were found to be sub-optimal 

based on various performance criteria.  
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Table 1: Descriptive Statistics for Returns 

 Statistics S&P500 FTSE100 CAC40 SMI 

 Mean 0.033 0.020 0.020 0.036 

 Median 0.029 0.013 0.043 0.037 

 Maximum 5.771 8.336 10.356 7.049 

 Minimum -5.533 -5.681 -10.251 -9.134 

 Std. Dev. 1.022 1.067 1.346 1.164 

 Skewness -0.018 0.118 0.015 -0.120 

 Kurtosis 6.160 6.254 7.391 7.044 

 CoV 30.97 53.35 67.30 32.33 

 Jarque-Bera 1548.4 1649.5 2989.0 2543.4 

 

 

 

Table 2: Descriptive Statistics for Volatilities 

 Statistics S&P500 FTSE100 CAC40 SMI 

 Mean 1.463 1.357 2.029 1.539 

 Median 0.443 0.425 0.665 0.486 

 Maximum 33.09 47.70 42.25 61.43 

 Minimum 0.000 0.000 0.000 0.000 

 Std. Dev. 2.929 2.683 3.876 3.434 

 Skewness 5.014 6.076 4.668 7.477 

 Kurtosis 38.49 67.19 33.46 90.36 

 CoV 2.002 1.977 1.910 2.231 
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Table 3: Linear Regression Test for the Single Index Model 

 

Model α  t-ratio β  t-ratio 2R  

Standardized Normal 0.553 3.665 0.538 -4.212 0.014 

Riskmetrics
TM

 0.195 2.217 0.849 -2.765 0.124 

ARCH 0.618 5.355 0.652 -3.326 0.022 

ARCH-t 0.557 4.510 0.774 -1.82817 0.022 

GARCH 0.111 1.202 0.953 -0.766 0.122 

GARCH-t 0.135 1.489 0.944 -0.929 0.125 

GJR -0.054 -0.607 1.176 2.786 0.168 

GJR-t -0.057 -0.654 1.161 2.638 0.175 

PGARCH -0.114 -1.241 1.166 2.658 0.168 

PGARCH-t -0.199 -2.233 1.246 4.040 0.196 

EGARCH -0.305 -3.130 1.355 5.035 0.177 

EGARCH-t -0.341 -3.575 1.389 5.676 0.193 

 

Notes:  

(1) The null hypothesis 0α =  is tested against the alternative 0α ≠ .  

(2) The null hypothesis 1β =  is tested against the alternative 1β ≠ . 
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Table 4: Linear Regression Test for the Portfolio Model 
 

Model α  t-ratio β  t-ratio 2R  

Standardized Normal 0.553 3.663 0.539 -4.185 0.014 

Riskmetrics
TM

 0.167 1.897 0.889 -1.997 0.129 

ARCH 0.329 2.042 0.559 -4.752 0.021 

ARCH-t 0.336 2.134 0.585 -4.324 0.021 

CCC -0.181 -1.773 0.756 -5.398 0.140 

CCC-t -0.139 -1.475 0.740 -5.832 0.139 

GJR -0.431 -4.268 0.921 -1.700 0.185 

GJR-t -0.401 -4.068 0.899 -2.253 0.190 

EGARCH -0.715 -6.524 1.076 1.452 0.198 

EGARCH-t -0.643 -6.042 1.027 0.533 0.198 

PGARCH -0.546 -5.340 0.964 0.047 0.199 

PGARCH-t -0.498 -4998 0.926 -1.653 0.201 

VARMA-GARCH -0.091 -0.952 0.694 -7.545 0.146 

VARMA-GARCH-t -0.101 -1.052 0.689 -9.169 0.133 

PS-GARCH -0.037 -0.386 0.645 -9.053 0.136 

PS-GARCH-t -0.100 -1.042 0.697 -7.467 0.147 

 

Notes:  

(1) The null hypothesis 0α =  is tested against the alternative 0α ≠ .  

(2) The null hypothesis 1β =  is tested against the alternative 1β ≠ . 
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Table 5: Likelihood Ratio Test of Unconditional Coverage, Serial 

Independence and Conditional Coverage for the Single Index Model 

 

Model UC SI CC 

Standardized Normal 6.218 27.252* 33.470* 

Riskmetrics
TM

 2.087 0.550 2.637 

ARCH 30.655* 0.027 30.682* 

ARCH-t 6.857* 0.083 6.94 

GARCH 5.605 0.550 6.155 

GARCH-t 0.279 7.013 7.292 

GJR 5.605 0.165 5.770 

GJR-t 0.491 8.422 8.913 

PGARCH 3.924 0.360 4.284 

PGARCH-t 2.076 19.660* 21.736* 

EGARCH 3.420 0.448 3.868 

EGARCH-t 2.076 19.660* 21.736* 

 

Note: Entries in bold denote significance at the 5% level; * denotes significance at 1%. 
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Table 6: Likelihood Ratio Test of Unconditional Coverage, Serial 

Independence and Conditional Coverage for the Portfolio Model 

 

Model UC SI CC 

Standardized Normal 6.857* 38.872* 45.729* 

Riskmetrics
TM

 2.500 0.669 3.169 

ARCH 0.080 0.215 0.295 

ARCH-t 2.076 0.048 2.124 

CCC 3.420 0.038 3.458 

CCC-t 11.667* 0.001 11.668* 

GJR 3.420 0.029 3.449 

GJR-t 9.523* 0.023 9.546 

EGARCH 4.272 0.015 4.287 

EGARCH-t 9.523* 0.002 9.525* 

PGARCH 4.272 42.278* 46.550* 

PGARCH-t 9.523* 0.002 9.525* 

VARMA-GARCH 4.272 0.021 4.293 

VARMA-GARCH-t 11.667* 0.001 11.668* 

PS-GARCH 3.420 0.029 3.449 

PS-GARCH-t 11.667* 0.001 11.668* 

 

Notes: Entries in bold denote significance at the 5% level; * denotes significance at 1%. 
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Table 7: Basel Accord Penalty Zones 

 

Zone Number of Violations Increase in k 

Green 0 to 4 0.00 

Yellow 5 0.40 

 6 0.50 

 7 0.65 

 8 0.75 

 9 0.85 

Red 10+ 1.00 

 

Note: The number of violations is given for 250 business days. 
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Table 8: Mean Daily Capital Charge and AD of Violations for the Single Index Model 

AD of Violations 

Model 

Number of 

Violations 

Mean Daily 

Capital 

Charge Maximum Mean 

Standardized Normal 35 12.329 3.506 0.631 

Riskmetrics
TM

 27 9.113 2.772 0.456 

ARCH 62 8.319 2.758 0.552 

ARCH-t 36 8.832 2.302 0.551 

GARCH 34 8.095 2.430 0.464 

GARCH-t 14 8.981 2.302 0.441 

GJR 34 8.095 2.430 0.464 

GJR-t 13 9.903 1.701 0.521 

PGARCH 31 8.041 1.205 0.362 

PGARCH-t 9 9.034 1.708 0.510 

EGARCH 30 7.968 1.154 0.298 

EGARCH-t 9 8.986 1.556 0.489 

 

Notes:  

(1) The daily capital charge is given as the negative of (3+k) times the greater of the previous day’s VaR 

or the average VaR over the last 60 business days, where k is the penalty.  

(2) AD is the absolute deviation of the violations from the VaR forecast. 
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Table 9: Mean Daily Capital Charge and AD of Violations for the Portfolio Model  

 

AD of Violations 

Model 

Number of 

Violations 

Mean Daily 

Capital 

Charge Maximum Mean 

Standardized Normal 36 12.916 3.509 0.617 

Riskmetrics
TM

 28 8.509 2.516 0.413 

ARCH 19 9.132 2.271 0.540 

ARCH-t 9 10.581 1.691 0.463 

CCC 7 9.685 2.125 0.498 

CCC-t 1 11.498 1.489 1.489 

GJR 7 9.724 1.657 0.505 

GJR-t 2 11.571 0.857 0.549 

EGARCH 6 9.692 1.566 0.466 

EGARCH-t 2 11.544 0.727 0.482 

PGARCH 6 9.787 1.485 0.472 

PGARCH-t 2 11.658 0.623 0.490 

VARMA-GARCH 6 9.760 1.974 0.454 

VARMA-GARCH-t 1 11.633 1.287 1.287 

PS-GARCH 7 10.700 1.902 0.442 

PS-GARCH-t 1 11.833 1.321 1.321 

 

Notes:  

(1) The daily capital charge is given as the negative of (3+k) times the greater of the previous day’s VaR 

or the average VaR over the last 60 business days, where k is the penalty.  

(2) AD is the absolute deviation of the violations from the VaR forecast. 
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